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Object in water; image seen from air

If underwater object D is a

perpendicular distance DB Q
from the plane of the water \,J 2 ar
surface in all radial 0 ater

directions, the image of
object D along that
perpendicular, when seen
from directly above in air, is
at Z, and BD/BZ = 4/3.

|Isaac Barrow showed that the image of object D,
when seen from Q obliquely along image ray MNQ,
also lies above the object, but towards the observer
relative to DB.




Isaac Barrow
described a way to

find all oblique image O
rays MNQ through a S—

designated point X,
without knowing their
points of refraction
(N) along the surface
of the water, or their
intersections (M) with
the perpendicular DB.
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He first drew a reference right triangle created by
drawing BE = BZ as shown, which created the
following constant ratios for air/water refraction:

BD/BZ = BD/BE = 4/3 B
DB/DE = 4/,/(16-9) = 1.5 u
ED/EB = [/(16-9))/3 = 0.87 b,
=
D

He showed that, given DB
and the designated point
X, if we draw the reference
line segment PXW as
shown, so that:

PW/PX =DB/DE =1.5
then all image rays through
X, (MXNQ) are found using:
DB/YN = ED/EB = 0.87

by drawing all possible
reference lines of length
YN = DB/0.87 through W,
in order to locate the
required positions of N.

water

This means that for any given DB, there
can be a maximum of two image rays
through the designated point X, since only
two reference line segments within the right
angle »(Y)B(N), and equaling his calculated
constant YN, can fit through point W.




that YN can be drawn
as the shortest %
segment through W

bounded by the right

Isaac Barrow showed % F B
S

angle ~(Y)B(N) when al 2
right triangles

AYBN, ANWT, and : x(
ATWY are all drawn i

as similar.

Keeping P constant, as we vary length
YN = DB/0.87 through W to find its

minimum, the position of D must vary,
while PW/PX (= DB/DE) = 1.5 can remain

unchanged. Therefore, when the object

IS in water, Isaac Barrow’s analysis can
find the image ray XMNQ for a
designated clear image X, and an

undesignated object D.
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Object in air; image seen from water

If object D is in air, and at a
perpendicular distance DB
from the surface of water in
all radial directions, the image
of the object along that
perpendicular when seen
from underwater is at Z, and
BZ/BD = 4/3.
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Isaac Barrow showed that the image of object D,
when seen from Q obliquely along image ray MNQ,
also lies above the object, but away from the

observer relative to DB.




Isaac Barrow
described a way to find
all oblique image rays
MNQ through a point

He first drew a reference right triangle created by
drawing BE = BD as shown, which created the
following constant ratios for air/water refraction:

X, without knowing Is
their points of N e BZ/BD = BZ/BE = 4/3 2
refraction (N) along the / g e it ZB/ZE = 4/J(16-9) = 1.5
surface of the water, or @Ra / EZ/EB = |/(16-9)/3 = 0.87 ) £
their intersections (M) Q,
with the perpendicular N B air
DB. = e Y
He showed that, given DB
and the designated point
X, if we draw X
BY/BD = ZB/ZE = 1.5 a This means that for any given DB, there can
then all image rays through M, be a maximum of two image rays through
X, XMNQ) are found using: N the designated point X, since only two
XP/WN = MB/YN Na Sy, B p reference line segments within the right
_ EZ/EB = 0.87 / 1 angle -(W)P(N), and equaling his calculated
by drawing all possible & @, Y Wa constant WN, can fit through point Y.

reference lines of length
WN = XP/0.87 through Y,
in order to locate the
required positions of N.




Isaac Barrow
showed that WN
can be drawn as the
shortest segment
through Y bounded
by the right angle
2(W)P(N)

when right triangles
AWPN, ANYT, and
AWYT are all drawn
as similar.
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Keeping P constant, as we vary length
WN = XP/0.87 through Y to find its
minimum, the position of X must vary,
while BY = DB(1.5) can remain
unchanged. Therefore, when the
object is in air, Isaac Barrow’s analysis
can find the image ray XMNQ for a
designated object D, and an
undesignated clear image X.
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Using conic sections

If we consider a circle with PP, L*/j\ _
center B and diameter GBA wu !
with an “axis” infinitely long

through GBA:

we can represent GBA along &
a circle of infinite diameter
BY, and draw BG = BA.
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If we call points J & F, (both of
which in this case lie at B), the
“focal points” of the finite circle, we
can consider the shape of the finite
circle with diameter GBA to equal
its “eccentricity” = e = BF/BA = 0.

We will have drawn a finite
circle where AJ + AF = AG
along its diameter and “axis”
GJBFA, if it is also true that:

If we draw: 0 < e = BF/BA < 1

we will have drawn a finite ellipse where AJ + AF =
AG along its “major axis” GJBFA, if it is also true
that PJ + PF = AG.

PJ + PF = AG
g y If we draw: 0 <e=YF/YA>1
\ ~ we will have drawn a hyperbola where AJ - AF = AG
As: | becomes: along its “transverse axis” FAYGJ, if it is also true that
N—— p PJ - PF = AG.
Fe— e
B

(OJN\Q(‘ -
Cloclkk~~ise

\{ ax s

and rotates: -
v/ N A
2

cleockw~ise

Y axs
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When the infinitely large reference circle only
rotates by 11/2 radians in either direction, it no
longer remains a circle equally divided by an
infinitely long upward ray with its base on an
axis, because reference points B and Y are
both infinitely far. However, due to the halfway
rotation of the reference circle, we can

These resulting curves are defined as a

parabolas (e = 1), and like the circle (e =
0), they represent a special case with a

singular shape, or eccentricity.

-
presume these curves resulting from clockwise S ”
and counter-clockwise rotation have an GooktH—HHF ® |
eccentricity halfway between that of an ellipse AR

(e < 1), and that of an hyperbola (e > 1). F 5 Sl

If we draw AF = GJ we will have drawn parabolas Ellipse

along their respective “axes” AF or GJ, if it is also
true that PF = PJ. Since parabolas represent the
eccentricity as an ellipse transforms into an
hyperbola, (or visa versa), QA = QG.
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® &£ L\J s = < = LI_. i
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d e =PFley =) €=PI/pg =\
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2(BF) = MJ - MF GQJ’J Flm :A
2BM) = MJ + MF

P
2(BF) = MJ + MF // \J\
/
\ + il ! I \
2(BM) = MJ - MF C\ T RImFE /A
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PJ2 - FP2 = (MJ2 + MP?) - (MF2 + MP2)
(PJ + FP) (PJ - FP) = (MJ + MF) (MJ - MF)
AG (PJ - FP) = 2(BM) 2(BF)

PJ - FP = [2(BM) 2(BF)]/2(BA)
eccentricity = e = BF/BA

PJ-FP = 2(BM)e
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Since:

FP+PJ = AG = 2(BA)

(FP + PJ) + (Pd - FP) = 2(PJ) = 2(BA) + 2(BM)e

(FP + PJ) - (PJ - FP) = 2(FP) = 2(BA) - 2(BM)e

PJ = BA + (BM)e

PF = BA - (BM)e
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FM = BF - BM FM = BM - BF

FM2 = BF2 + BM2 - 2(BF)BM
e = BF/BA = FB/FS

BA2 = BF2 + BS?
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PF2 = [BA - (BM)e]2

PF2 = BA2 + (BM)2e2 - 2(BM)BF

PM2 = PF2 - FM2

PM2 = [BA? + (BM)2e? - 2(BM)BF]
- [BF2 + BM2 - 2(BF)BM]

PM2 = BS2 + BM2(e2 - 1)

PM2 = BS2 - BM2(1-¢?)

(PM)2BA2

(BS)2BA? - BM2[BA? - BF?]

(PM)2BA2

BS?[BA? - BM?]
(MP/MI)2 = (BS/BA)?
MP/MI = BS/BK
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Hyperbola

Draw hyperbola arm AP:
Make: ZJ-AG = XP +FP
So: XJ-XP = FP + AG
and PJ-FP = AG

33

MJ - MF = 2(YF)

MJ + MF = 2(YM)

MJ - MF = 2(YM)

MJ + MF = 2(YF)
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PJ2 - FP2 = (MP2 + MJ2) - (MP2 + MF?)

(PJ + FP) (PJ -FP) = (MJ + MF) (MJ - MF)

(PJ + FP)AG = 2(YM) 2(YF)
PJ + PF = [2(YM) 2(YF)]/2(YA)
eccentricity = e = YF/YA

PJ + PF = 2(YM)e
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Since: PJ-PF = AG = 2(YA)

(PJ + PF) + (PJ - PF) = 2(PJ) = 2(YM)e + 2(YA)

(PJ + PF) - (PJ - PF) = 2(PF) = 2(YM)e - 2(YA)

PJ = (YM)e + YA

PF = (YM)e - YA
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PF2 = [(YM)e - YA]2
FM = YF-YM FM = YM - YF
PF2 = YM2e2 + YA2 - 2(YM)YF
L ‘0 )
Pys L S N
N
i : i
£ y Y& My uY\G’\I - [YF2 + YM2 - 2(YF)YM]
PM2 = YM2(e2 - 1) - YS?

PM2 YA2 = YMZ?[YF2 - YA?] - YS2 YA2

FM2 = YF2 + YM2 - 2(YF)YM
" \ PM2 YA2 = YS2(YM2 - YA?)

= YF/YA = AS/AY
© (MP/MW)2 = (YS/YAR

YF2 = YA? + YS?
+YS MP/MW = YS/YA
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The following discussion
will be presented in two
columns for clarity. The left
column represents the
object in glass, and the
right side column
represents the object in air.

MW2 = (MAMG

MP2/(MAIMG = (YS/YA)2 = FL2/(FA)FG

(FAFG = (YF - YA) (YF + YA)
(FAFG = YF2-YA2 = YS?

FL/YS = YS/YA

39 40




Given refraction along
line GBNA, object D in
glass, and image Z
seen along BZD, a
non-perpendicular
image ray NM can be
found using the
reference semi-ellipse
GZPA:

Given refraction along line
BSN, object D in air, and
image Z seen along BDZ, a
non-perpendicular image ray
NM can be found using the
reference hyperbola arm ZP:
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(with vertex
P~ designated
| as B instead
of Y for
consistency)

because:
e = BF/BA = FB/FZ
and: NQ/NP = BX/BZ

G £ ~ A
§

—~&

™ 5—2

b‘ Y

BENE e 2 o

because:
e = BF/BZ =ZS/ZB
and: MW/MP = BZ/BS
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NQ/NP = BX/BZ

BZ2/NP2 = BA%/(BA2 - BN?)

(BZ2 - NP2)/NP2 = BN/(BA? - BN?)

= NP2/NQ2 = BZ2/BG2 = BEZBG?

= EDZBD? = (BD2? - BZ2)/BD?

(BZ2 - NP2)/BN2 = (BD? - BZ2)/BD?

|
|
|
|
|
|
(BZ2 - NP2)/BN2 = NP2/(BA? - BN?) I
|
|
|
|
|
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MW/MP = BZ/BS
MW2/MP2 = (MB2 - ZB2?)/BN2

BZ2/BS? = EZ?/EB?
- (ZB? - DB?)/DB?

(MB2 - ZB2)/BN2
- (ZB? - DB?)/DB?

(NP2 - BZ2)/BN2? = (BZ2 - BD2)/BD?

(MN2 - BZ2)/BN2 = BZ2/BD?
(MN2 - BZ2)/BZ2 = BN2/BD?
MN2/BZ2 = (BN2 + BD2)/BD?
MN2/DN2 = BZ2/BD?

MN/DN = BZ/BD

(MB2 - ZB2 + BN2)/BN?2
- BZ2/BD?

(MN2 - BZ2)/BZ2
— BN2/BD?

MNZ2/ZB2 = DN2/DBz?
MN2/DN2 = BZ2/BD?

MN/DN = BZ/BD
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BM:2 > BM;

| |
R =BD/BZ | R =B7/BD BM1 > BM:>
2 — N D/NM: | = and N1M: crosses I and N1Ms crosses
| B =N:M/NiD .y N>M: at X outside the
[R = N2D/N2M2 | [R — N2M2/N2D N2M2 at X W|th|n the | ri ht an Ie DBN
| right angle ~DBA. I 9 gie DB
|
| |
D | |
z | | 5 - N
My [~ o D) | | N Mo
Mo, U | | M
| |
| |
5 = N C | | Bl ;
N, Na A | | ) ~-
|
? ;I’ i V\\;\ MB2 = MN2 - BN2 BY2/DB2 = BZ2/(BZ2 - EB?)
D m A D{
. . E—T\: ® R MB2 = MN2 - YN2 + BY2 BY2/(BY2 - DB?) = BZ2/DB?
gl > ie
e BY2/(MN2 - YN2 + BY?) BZ2/DB2 = MN2/DNz2
3

R =DB/BZ = ND/NM

if: BY/MB= DB/DE
then: DB/YN = ED/EB
because:
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R =BZ/DB= NM/ND

if: BY/DB= ZB/EZ
then: MB/YN= EZ/EB
because:

- DB%/(DB? - BZ2)
— DN2/(DN2 - MN2)

BY2/(YN2 - MN2) = DN2/MN2

BY2 = YN2 - BN2
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BY2/MN2 = (BY2 - DB2)/DNz2

(BY2 + MN2)/MN?2
- (BY2 - DB? + DN?)/DN?2




BY2 = YN2 - DN2 + DB?2

(YN2 - DN2 + DB?)/(YN2 - MN?)
— DN2/MN?2

(YN2 + DB?2)/YN2 = DN2/MNz2

DB2/YN2 = (DN2 - MN2)/MNz2
= (DB2? - BZ2)/DB2 = ED?/EB?
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(BY2 + MN?)/(BY2 + BN2)
— MN?2/DN2

(MN2 - BN2)/NY?2
= (MN2 - DN?)/DN2

MB2/YN2 = (BZ2 - DB?)/DB?
= EZ2/EB?

When given point M,
after calculating BY with
known BM, (as well as
known DB/DE); we can
use known DB, (as well
as known ED/EB), to
calculate YN and use
that as a radius about Y
to find N:

50

When given point M,
after calculating BY with
known DB, (as well as
known ZB/ZE); we can
use known MB, (as well
as known EZ/EB), to
calculate YN and use
that as a radius about Y
to find N:

Y
N 6

L

Since M must be known to
find N, this gives no
advantage over the
previously described
reference ellipse. However,
it provides a way to find N
on image ray MX(N)
without knowing M.

D “r
() {

(m) wJ
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Since M must be known to
find N, this gives no
advantage over the
previously described
reference hyperbola arm.
However, it provides a way
to find N on image ray
XM(N) without knowing M.

To find an image ray
through a given point X, first
calculate PW with known
PX and DB/DE using:
PW/PX = (BY/MB) = DB/DE

Since DB and ED/EB are
also known, find the length
of YWN using:

DB/YN = ED/EB

We can then find (N) by
inserting the calculated
length YWN within the right
angle ~DBA through W.
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To find an image ray through
a given point X, first
calculate BY with known DB
and ZB/ZE using:

BY/DB = ZB/EZ

Since PX and EZ/EB are
also known, find the length
of GYN using:

PX/GYN = (MB/YN) = EZ/EB

We can then find (N) by
inserting the calculated
length GYN within the right
angle ~XPb through Y.




| . |
For any given calculated For any given calculated _ | .
Value Of YN a maximum I Value Of GN, a maximum These t\/1\:/0 ||ned | These t\/1\:/0 ||ned
L i segments are drawn segments are drawn
of two line segments | of two line segments | | .
(Y:N1 = YaNo) fitthough | (G1N+1 = G2Ny) fit though ’;O fLI;]d poth N1 and N2 | ]’EO f!c?]d l_:)oth N+ and N2
L ) L . )
W within the right angle | Y within the right angle tﬁ;ouer:r;l(age rays | tﬁ:o er:r;l(age ays
.DBA. I XPD. gh X. I ugh X.
| S | x
n | & % } |
Y, \ |
f\ | Yal \ Ma.
Yol | Ma w " | Gy W
N | A8 2 Y
i T \ &, M2 | x L% b
AN | % . e A
r’: P v e A | P 2 1 r/a*\f |
Expanding on the right side column representing the
The clear image of X | The clear image of X object in air, (where GN can be varied while keeping the
occurs when YN through I occurs when GN through object location DB constant, but not the image location
its specified point Wisits | its specified point Y is its XP), consider Y to be on a reference hyperbola defined by:
minimum possible length, I minimum possible (LP)LJ = (BP)BY, and draw its opposite arm:
so that N+ lies at No. { length, so that N1 lies at
Since both N2. Since both
BY/MB = PW/XP | MB/YN = XP/GN ”‘T
and DB/YN are | and BY/DB are i .y
constants, YN can be I constants, GN can be v SN
varied while keeping the |  varied while keeping the \o= o -
image location XP I object location DB —\ |
constant, but not the constant, but not the & |
object location DB. image location XP.




We know LP/BY = BP/LJ.
If we construct BN = LP, then BN/BY = BP/LJ.
But SY/SG = BN/BY = BP/LJ

and since SY = BP:

SG=LJ
SG +SP =LJ +HL
PG =HJ

and since by
construction BN = LP:
PN = LB =HY

ANPG = AYHJ

GN =YJ
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The reference radius length YJ intersects the
reference hyperbola at a maximum of two possible
points J1 and J2. Both G1YN+1and G2YN2 can be
drawn by constructing BN = LP for each point J.

A clear image of object D occurs when N1 and N2
overlap, or when the reference radius length YJ =
GN intersects the reference hyperbola at a single
point J. The required GN for this condition gives the
required location of N, as well as the location of the
clear image at X, (remember that PX varies with
GN).
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